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1. INTRODUCTION
A well-known result due to Burnside asserts that if p is a prime dividing
the order of a finite group G and if P is a Sylow p-subgroup of G such
that P is in the center of its normalizer, then G is p-nilpotent, that is, G
has a normal Hall p9-subgroup.
Our first result extends Burnside’s theorem through the focal subgroup.
Recall that if P is a Sylow p-subgroup of a finite group G and G9 is the
commutator subgroup of G, the subgroup P l G9 is called the focal
subgroup of P with respect to G. This subgroup is just the kernel of the
restriction to P of the transfer of G into P.
If A is a finite p-group, we denote
² :V A s V A if p ) 2 and V A s V A , V A if p s 2,Ž . Ž . Ž . Ž . Ž .1 1 2
where
² i:V A s x g Aro x s p .Ž . Ž .i
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The starting point of our first theorem is the following observation. Let
G be a finite group and let P be a Sylow p-subgroup of G. Suppose that
Ž .P l G9 s 1. Then P is abelian and N s N P acts by conjugation on P.G
w x Ž . w x Ž .Moreover, by 3, 10.1.6 , P s C N = N, P s C N . So, by theP P
above-mentioned result of Burnside, G is p-nilpotent.
We prove:
THEOREM 1. Let p be a prime and let P be a Sylow p-subgroup of G. If
Ž . Ž .V P l G9 is contained in the center of N P , then G is p-nilpotent.G
Assume that G is a finite group and P is a Sylow p-subgroup of G, p a
Ž . Ž . Ž .prime. Suppose in addition that V P F Z P . If N P is p-nilpotent1 G
and p is odd, the conclusion of Theorem 1 is that G is p-nilpotent.
Specifically, the following theorem of Zhang G. is generalized in the odd
case:
w xTHEOREM 5, Theorem 1 . Let G be a finite group and let P be a Sylow
Ž . Ž . Ž . Ž Ž ..p-subgroup of G. If V P F Z P and N P , C Z P are p-nilpotent,1 G G
then G is p-nilpotent.
Ž . Ž .In fact, the requirement that V P F Z P in the statement of Zhang’s1
Ž . Ž .theorem can be replaced by V P l G9 F Z P , and also the condition1
Ž Ž ..that C Z P be p-nilpotent can be omitted in the odd case. In the caseG
Ž . Ž . Ž .p s 2, we can assume that V P l G9 F Z P and N P is 2-nilpotent inG
order to get the same conclusion.
One might wonder whether G must be 2-nilpotent under the assump-
Ž . Ž . Ž .tions V P l G9 F Z P and N P is 2-nilpotent. The best result we1 G
are able to get is the following:
THEOREM 2. Let P be a Sylow 2-subgroup of a finite group G. Suppose
Ž . Ž . Ž .that V P l G9 is contained in Z P . If P is quaternion-free and N P is1 G
2-nilpotent, then G is 2-nilpotent.
A 2-group is called quaternion-free in the case it has no section
isomorphic to the quaternion group Q of order 8.8
We remark that we do not know any examples of groups which show
that the quaternion-free hypothesis is necessary in Theorem 2.
A well-known result of Thompson asserts that a finite group G is
soluble if G has a nilpotent maximal subgroup of odd order. Later Deskins
and Janko proved that Thompson’s result remains true if the Sylow
2-subgroup of the nilpotent maximal subgroup is allowed to have class at
w xmost two. For details see 2, IV, Satz 7.4 .
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Our next result is another generalization of Thompson’s theorem:
THEOREM 3. Let M be a nilpotent maximal subgroup of a finite group G.
Ž .If P is a Sylow 2-subgroup of M and V P l G9 is contained in the center of
P, then G is soluble.
In the following all groups are finite.
2. PROOFS OF THE THEOREMS
Proof of Theorem 1. Assume the result is not true and choose for G a
counterexample of smallest order. Then G is not p-nilpotent and so G
wcontains a minimal non-p-nilpotent subgroup, A, say. By a result of Ito 2,ˆ
xIV, Satz 5.4 , A is a minimal nonnilpotent group. Now we apply a result of
w x a bSchmidt 2, III, Satz 5.2 to conclude that A is of order p q , where q is a
prime different from p, A has a normal Sylow p-subgroup B, and a Sylow
q-subgroup C of A is cyclic. Moreover, B is of exponent p if p is odd and
of exponent at most 4 if p s 2. Without loss of generality, we can suppose
Ž .that B is contained in P. Then B is really contained in V P . On the
w xother hand, it is clear from the minimality of A that B s B, C . Hence B
Ž .is contained in P l G9. By hypothesis, B is in the center of N P . InG
Ž . Ž .particular, P is contained in C B . Consequently, D s N B sG G
Ž . Ž . Ž .C B N P by the Frattini argument. Assume that N P is a properG D D
Ž .subgroup of G. Then, by minimality of G, it follows that N P isD
Ž .p-nilpotent. Hence N P s P = E, where E is a normal Hall p9-sub-D
Ž .group of N P . This implies that E centralizes P and so it also central-D
Ž .izes B. Hence D s C B and C centralizes B, a contradiction. Conse-G
Ž . Ž .quently, G s N P and then N P s G. This means that B is in theD G
center of G, a final contradiction.
Proof of Theorem 2. Assume the theorem is false. Therefore there
would exist a counterexample G of minimal order. Then
Ž . Ž .1 O G s 1.2 9
Ž .Suppose that O G / 1 and let N be a minimal normal subgroup of G2 9
Ž .such that N is contained in O G . Consider the group GrN. Then2 9
PNrN is a Sylow 2-subgroup of GrN such that PNrN is quaternion-free.
Ž . Ž . ŽŽ .Moreover, N PNrN s N P NrN is 2-nilpotent and V PNrN lG G 1
Ž .. Ž . < < < <G9NrN is contained in Z PNrN . Therefore, because GrN - G , it
follows that GrN is 2-nilpotent and hence G is 2-nilpotent, giving a
Ž .contradiction. Thus 1 must hold.
Ž . Ž .2 O G / 1.2
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Let K be a minimal non-2-nilpotent subgroup of G. Then, according to
results of Schmidt and Ito, K has a normal Sylow 2-subgroup K and aˆ 2
cyclic Sylow p-subgroup K for a prime p / 2 such that K s K K .p 2 p
w xMoreover, by minimality of K, K s K , K , so K can be considered as2 2 p 2
Ž . Ž . Ž .a subgroup of P l G9. Now, 1 / V K F V P l G9 F Z P . There-1 2 1
Ž Ž ..fore P is contained in C V K , which is a normal subgroup ofG 1 2
Ž Ž ..D s N V K . Suppose that D is proper subgroup of G. It is clear thatG 1 2
D satisfies the hypotheses of the theorem, so by the choice of G, D is
2-nilpotent. But K and K are both contained in D. Therefore K is2 p
Ž .2-nilpotent, a contradiction. Consequently, D s G and V K is a normal1 2
Ž .2-subgroup of G. In particular, O G / 1.2
Ž . Ž .Denote H s F G , the Fitting subgroup of G. Note that H s F G s
Ž . Ž . Ž .O G since by 1 , O G s 1.2 2 9
Ž . Ž .3 GrH is 2-nilpotent. In particular, G is 2-soluble and C H F H.G
Suppose that GrH is not 2-nilpotent. Then by Frobenius’s criterion for
w x2-nilpotence 2, IV, Satz 5.8 there exists a 2-subgroup P of P such that1
Ž .H F P and N P rH is not 2-nilpotent. It is clear that H is a proper1 ŽG r H . 1
Ž .subgroup of P and so N P is a proper subgroup of G that is not1 G 1
2-nilpotent. In particular, the set D of all 2-subgroups of P properly
containing H and whose normalizer is not 2-nilpotent is not empty.
Choose an element P of D of maximal order. Then P is a proper0 0
Ž .subgroup of P and a Sylow 2-subgroup of N P . It is clear that we canG 0
assume that P F P. Then P is a proper subgroup of P and so, by choice2 0 2
Ž . Ž Ž . .of P , it follows that N P is 2-nilpotent. Moreover, V P l N P 90 G 2 1 2 G 0
Ž . Ž . Ž Ž . . Ž .F V P l G9 F Z P . Hence V P l N P 9 F Z P . By minimality1 2 G 0 2
Ž .of G, we have shown that N P is 2-nilpotent, a contradiction.G 0
Therefore GrH is 2-nilpotent and then G is 2-soluble. In particular,
Ž . w xC H F H by 3, 9.3.1 .G
Ž .4 G s PQ, where Q is an elementary abelian Sylow p-subgroup of
G for a prime p / 2. In fact, QHrH is a chief factor of G and P is a
maximal subgroup of G. In particular, G is soluble.
Let ArH be the Hall 29-subgroup of GrH. Applying the Schur]
Zassenhaus Theorem, there exists a complement Q of H in A. Hence
A s QH and Q l H s 1. Let BrH be a minimal normal subgroup of
Ž .GrH contained in ArH. Then B s H Q l B . Suppose that Q l B is a
Ž .proper subgroup of Q. Then PB is 2-nilpotent. In particular, B F C HG
F H, a contradiction. Thus B s HQ s A and ArH is a minimal normal
subgroup of GrH. If we apply the Odd Order Theorem of Feit and
Thompson, we may conclude that ArH is soluble and so ArH is an
elementary abelian p-group for some prime p / 2.
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Here is an alternative argument avoiding the Odd Order Theorem: Let
< <p be a prime dividing Q and let Q be a Sylow p-subgroup of Q. Thenp
p / 2 and Q is a Sylow p-subgroup of A. By the Frattini argument,p
Ž . Ž . Ž . Ž Ž .. Ž .G s AN Q s QH N Q s Q HN Q . It is clear that HN QG p G p G p G p
Ž .contains a Sylow 2-subgroup of G, so if HN Q is a proper subgroup ofG p
Ž .G, then HN Q is 2-nilpotent by choice of G. Therefore a Hall 29-sub-G p
Ž .group of G centralizes H, a contradiction. Hence G s HN Q and HQG p p
is a normal subgroup of G. Consequently Q H s QH because QHrH is ap
minimal normal subgroup of GrH.
Therefore QHrH is an elementary abelian p-group complementing
Ž .PrH. This implies that P is a maximal subgroup of G and 4 must hold.
Ž . Ž . Ž .5 1 / V P l G9 is contained in Z G .1
Ž .It is clear that P l G9 / 1 because of Theorem 1, so V P l G9 / 1.1
Ž Ž ..Let R s C V P l G9 . Then P is contained in R. Therefore if R is aG 1
proper subgroup of G, it follows that P s R because P is a maximal
Ž .subgroup of G. Note that V P l G9 is contained in H l G9 because1
Ž . Ž . Ž .C H F H. Hence V P l G9 s V H l G9 , which is a normal sub-G 1 1
group of G because H l G9 is normal in G. Therefore P is a normal
Ž .subgroup of G and G s N P is 2-nilpotent, a contradiction. Conse-G
Ž . Ž .quently R s G and V P l G9 is contained in Z G .1
Ž . N6 Conclusion. Let G be the nilpotent residual of G, that is, the
intersection of all normal subgroups X of G such that GrX is nilpotent.
Since GrQH is isomorphic to PrH, which is nilpotent, it follows that G N
w Ž N . x Ž N .is contained in QH. Since O G , H F O G l H s 1, it follows2 9 2 9
Ž N . Ž N . Ž .that O G centralizes H, and therefore O G s 1 because C H F2 9 2 9 G
Ž N . NH. If O G s 1 as well, then G s 1 and G is nilpotent, a contradiction.2
Ž N . N NTherefore O G / 1. This means that H l G / 1 and P l G / 1.2
N Ž . Ž N . NLet x g P l G such that o x s 2. Then x g V P l G . Since G is1
N Ž . Ž .contained in G9, it follows that x g P l G l Z G by 5 . Since G has
Ž wquaternion-free Sylow 2-subgroups, we apply a result of Dornhoff see 1,
x. N Ž .Theorem 2.8 to conclude that P l G l Z G s 1. This is a contradic-
tion.
Proof of Theorem 3. Let G be a counterexample of minimal order to
the theorem. Then
Ž . Ž Ž ..1 Core O M s 1.G 2 9
Ž Ž ..Suppose that Core O M / 1 and let N be a minimal normalG 2 9
Ž Ž ..subgroup of G such that N F Core O M . Then MrN is a nilpotentG 2 9
maximal subgroup of GrN and PNrN is a Sylow 2-subgroup of MrN
ŽŽ . Ž . . Ž . < < < <such that V PNrN l GNrN 9 F Z PNrN . Since GrN - G , it
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follows that GrN is soluble. Since N is nilpotent, it follows that G is
soluble, a contradiction.
Ž .2 M is a Sylow 2-subgroup of G.
w xIn fact, if U is a Hall 29-subgroup of M, then by Theorem 1 of 4 U is a
Ž Ž ..normal subgroup of G. In particular, U F Core O M s 1. ThereforeG 2 9
1 / M is a 2-group. Since M is a maximal subgroup of G and G is not a
2-group, it follows that M is a Sylow 2-subgroup of G.
Ž .3 Conclusion. First of all note that M is a self-normalizing maximal
subgroup of G.
Applying Theorem 1, it follows that G is 2-nilpotent. Again we can apply
the Odd Order Theorem to conclude that G is soluble. Let us show an
alternative argument. Let N be the normal Hall 29-subgroup of G and let
< <p be a prime dividing N . If N is a Sylow p-subgroup of N, it follows thatp
Ž .G s NN N by the Frattini argument. By the Schur]Zassenhaus Theo-G p
g Ž .rem, there exists g g G such that M is contained in N N . Since M isG p
Ž .a maximal subgroup of G, it follows that N N s G and so N isG p
nilpotent and G is soluble, a contradiction.
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